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Abstract
Inflation has long been the accepted paradigm for understanding the early universe. Most models
of inflation have a scalar field acting as the inflaton particle which decays after inflation during a
process called reheating into standard model (SM) particles. In this work, we consider a fermion
as the inflaton field. Noether symmetry arguments show that an exponentially expanding universe
is possible with a fermion if it is coupled non-minimally to gravity. We use such a scenario in this
model to study both inflation and reheating. We find relations between the various parameters
involved in this model which include the non-minimal coupling strength ξ, the mass m and the
Yukawa coupling Y .
∗ abhasskumar@hri.res.in
1
ar
X
iv
:1
81
1.
12
23
7v
1 
 [g
r-q
c] 
 28
 N
ov
 20
18
I. INTRODUCTION
The last few decades have been very wonderful for the physics of the early universe,
specially with regards to inflation [1, 2]. Inflation has for long been the accepted paradigm
for the early universe and a very observationally sound explanation for the homogeneity and
isotropy of the universe though CMB studies [3, 4]. Although, scalar inflaton (including
Higgs boson as the inflaton) [5–7] has been the dominant model for a long time, people have
also studied the fermionic field as the inflaton [8–16]. In [17], Noether symmetry was used
to show that a non-minimal coupling of the fermion field with gravity is required to have an
exponentially expanding phase of the universe.
After inflation ends, the universe expands by such a huge amount that anything present
before inflation gets diluted to negligible levels. The universe needs to be repopulated by
the particles of the standard model. This process is called reheating [2] and it occurs while
the inflaton oscillates in a potential that can be approximated by a simple harmonic one.
As the inflaton oscillates, it starts decaying into other particles which are relativistic. These
particles repopulate and reheat the universe.
In this work, we use a fermionic field coupled non-minimally to gravity as the inflaton.
We calculate the value of the non-minimal coupling as a function of mass and the Yukawa
coupling to produce successful reheating of the universe after inflation. We also calculate
the radiation energy density produced during reheating and the reheating temperature as
functions of mass and the Yukawa coupling. In section 2, we write down the action of
the model. Section 3 is devoted to achieving an exponentially expanding universe while
reheating is studied in some detail in section 4. We follow it all up by the conclusion and
discussions in section 5.
II. THE INFLATIONARY ACTION
The action for a fermion field coupled non-minimally to gravity is given as follows:
S =
∫
d4x
√−g
[
F (Ψ)R +
i
2
(ψ¯γ˜µDµψ − (Dµψ¯)γ˜µψ)− V
]
, (1)
where F (Ψ) is a function of the scalar bilinear Ψ = ψ¯ψ. V is the fermionic potential
V = V0 + Vint, (2)
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with V0 = mψ¯ψ and Vint = Y ψ¯HL+ h.c.. γ˜
µ are the generalized gamma matrices given by
γ˜µ = eµνγ
ν where eµν are the tetrad fields. Dµ are the covariant derivative operators given
by:
Dµψ = ∂µψ − Ωµψ, (3)
Dµψ¯ = ∂µψ¯ + ψ¯Ωµ, (4)
Ωµ = −1
4
gρσ
[
Γρµδ − eρb(∂µebδ)
]
γ˜δγ˜σ. (5)
Ωµ is called the spin connection while Γ
µ
νδ are the Christoffel symbols
The FRLW metric is given by dτ 2 = dt2−a(t)2(dx2 +dy2 +dz2) following the (+,−,−,−)
sign convention with a(t) being the scale factor. The various generalized gamma matrices
and the spin connections for this metric are:
γ˜0 = γ0, γ˜i =
γi
a(t)
; Ω0 = 0, Ωi =
1
2
a˙2γiγ0. (6)
In [17, 18], it was shown by Noether symmetry arguments that an exponentially expanding
cosmological solution can be obtained if F ′ 6= 0 where the ′ denotes a derivative wrt the
bilinear Ψ = ψ¯ψ. We take F (Ψ) = 1
2
(M2 − ξΨ) where M2 = 1
8piG
is the reduced Planck
mass.
III. INFLATION
During inflation, all other fields apart from the inflaton give zero contribution despite
being present in the Lagrangian. Any contribution due to them gets diluted to negligible
amounts and we can ignore such fields. Therefore we can ignore the Vint term from the
Lagrangian. The remaining terms give the following equations of motion for ψ and ψ¯ by
minimizing the action:
˙¯ψ +
3
2
Hψ¯ − iV ′0 ψ¯γ0 + 6iF ′ψ¯γ0(H˙ + 2H2) = 0, (7)
ψ˙ +
3
2
Hψ − iV ′0γ0ψ − 6iF ′γ0ψ(H˙ + 2H2) = 0, (8)
where ′ denotes a derivative with respect to the bilinear Ψ and H = a˙
a
is the Hubble
parameter. Multiplying Eq. 7 by ψ from the right and adding it to Eq. 8 multiplied by ψ¯
from the left gives us:
dΨ
dt
+ 3HΨ = 0. (9)
3
which is the equation of motion for Ψ during inflation. Substituting for H, we obtain a
corresponding equation for Ψ as a function of a:
dΨ
dt
+ 3
da
dt
Ψ
a
= 0,
dΨ
da
+ 3
Ψ
a
= 0, (10)
Ψ =
Ψ0
a3
, (11)
where Ψ0 is the initial value of Ψ.
The energy density of the fermion field is:
ρf = V − 6HF ′Ψ˙, (12)
which can be used in the Friedmann equation to get:
H2 =
V − 6HF ′Ψ˙
6F
. (13)
Using Eq. 9 in Eq. 13, we obtain:
H2 =
mΨ
3M2 + 6ξΨ
. (14)
An exponentially expanding universe can be obtained if H is almost a constant. This can
be satisfied by keeping ξΨ  M2 in which case, we can neglect M2 from the denominator
to get
H2I =
m
6ξ
. (15)
The subscript I is used to denote the inflationary era. On the other hand when ξΨM2,
we recover a matter dominated universe. Looking at Eq. 11, we can gauge an estimate
for ξΨ such that it is much larger compared to M2 during inflation while becoming much
smaller than M2 so that the non-minimal coupling term is diluted and can be neglected
to return the universe in a matter dominated era. This is when reheating kicks in. In the
next section, while studying the reheating process, we will take N = 60 as the number of
e-foldings as the amount by which the universe expands during inflation i.e. a at the end of
inflation is e60 times the a at the beginning of inflation.
IV. REHEATING
Let us first define some parameters: t0 is the time when inflation ends and reheating
starts, ρ0 = mΨe is the energy density in the fermion field left at the beginning of reheating
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or the end of inflation, ργ is the energy density of relativistic particles produced as a result
of the decay of the fermion field ψ.
Using N = HIt0 = 60 (considering the start of inflation as time t = 0), we obtain t0 as:
t0 = 60
√
6ξ
m
. (16)
The decay rate for the fermion field is given as:
Γ =
mY ∗Y
8pi
, (17)
assuming that reheating occurs much before electroweak symmetry breaking so that all the
SM particles into which ψ decays are massless.
The inflaton will decay into relativistic SM particles efficiently only when the decay rate Γ
gets comparable to the Hubble rate during reheating Γ & H. In the early stages of reheating
the Hubble parameter goes as H = 2
3t
as the universe is matter dominated. Decay of ψ will
start at the beginning of reheating i.e. at t0 only if:
Γ & 2
3t0
,
⇒ ξ1/2 = 4pi
45
√
6mY ∗Y
. (18)
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FIG. 1. Variation of ξ as a function of the Yukawa coupling and m
The variation of ξ as a function of m and Y is shown in Fig. 1 from which it is clear that
ξ is maximized by minimizing both the mass m and the Yukawa strength Y .
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Since ψ oscillates in a quadratic potential of mψ¯ψ, it evolves as a pressure-less matter
fluid. The energy density ρf stored in ψ at any time decreases as a
−3. Apart from the
expanding universe, ρf also decreases exponentially due to decay of ψ particles.
Once ξ is known, we can take an ansatz for Ψe such that ξΨe M2. This choice should
also be consistent with ξΨ0 M2 during inflation when Ψ0 ≈ Ψee60.
As the inflaton decays, it produces relativistic particles with energy density ργ. Using
the conservation of stress-energy tensor, we know that:
dρtotala
3
dt
= −3a˙a2ptotal, (19)
where ρtotal = ρf + ργ and ptotal = pγ =
ργ
3
. We also know that ρf = ρ0
(
a(t0)
a(t)
)3
e−Γ(t−t0).
Substituting these in Eq. 19, we get a differential equation for the energy density stored in
radiation as follows:
d(ργa
4)
dt
= Γρfa
4 = Γρ0
a(t0)
3
a(t)3
a(t)4e−Γt = Γρ0a(t0)3a(t) e−Γ(t−t0). (20)
For a matter dominated universe, a(t) ∝ t2/3 while for a radiation dominated universe,
a(t) ∝ t1/2. The reheating era does start with a matter dominated universe but soon enough,
the amount of radiation exceeds the amount of matter and the universe evolves accordingly.
This happens during reheating itself. Therefore to solve for ργ from Eq. 20, we use a(t) ∝ tw.
If w is a constant, we have:
ργ =
ρ0 e
Γt0 t3w0
Γw t4w
Γ(w + 1,Γt0,Γt), (21)
where Γ(a, b, c) is the generalized incomplete Gamma function. As it turn out, w is a constant
for a large duration of the reheating phase, first as w = 2
3
followed by a short transition
phase after which w = 1
2
for the remainder of reheating which allows us to use Eq. 21.
We now calculate the reheating temperature Tr given by:
Tr =
(
30ργ
pi2 g∗
)1/4
, (22)
where g∗ is the number of degrees of freedom in the relativistic plasma. For SM, it is 109.
The reheating temperature shows a wide range from hundreds of GeV to 1010 GeV depending
on the mass and the Yukawa coupling choice. The variation of Tr is shown in Fig. 4. We
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FIG. 2. The figure shows the energy densities stored in radiation and the inflaton as time passes
during reheating. The green curve for radiation energy density and the orange curve for inflaton
energy density have w = 2/3 which is true for matter dominated universe. However, the blue curve
and the purple curve have kinks which is where w starts changing from 2/3 to 1/2 to reflect a shift
from matter domination to radiation dominated era. The parameter values are: m = 105 GeV,
Y ∗Y = 10−5, ξ = 1300, Ψ = 1031 at the beginning of reheating
can see that the highest reheating temperatures of O(1010) GeV are obtained for high mass
and large Yukawa values while the lowest reheating temperatures of the order of the weak
scale ' 102 GeV occur for low mass and low Yukawa couplings. Since we started with the
assumption that reheating occurs much above electroweak breaking scale, all the parameter
space with low mass and low Yukawa values is excluded.
V. CONCLUSION AND DISCUSSIONS
In this work, we have studied inflation and reheating using a fermionic field coupled non-
minimally to gravity. We calculated the value of the non-minimal coupling ξ required to
reheat the universe at the end of inflation. We also calculated the amount of relativistic
energy density produced by decay of the inflaton and made an estimate of the effect produced
by a transition from matter dominated universe in the beginning of reheating to a radiation
dominated universe. At the end, we calculated the reheating temperature as a function of
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FIG. 3. The ratio of the energy density in radiation to the energy density in inflaton is shown here.
The parameters are the same as in Fig. 2
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FIG. 4. Variation of the reheating temperature with m and Y . Highest reheating temperatures are
obtained for higher mass and higher Yukawa coupling strength. The lower shaded region is the
excluded region if reheating occurs much above the electroweak scale. In this figure, Ψe has been
parametrized as ξΨe = 10
−3M2
the mass and the Yukawa coupling.
Possibilities of ψ being a freeze-in dark matter candidate can be explored in this scenario
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in the regions where the mass m is small compared to Tr such that there is enough time for
other particles to produce ψ particles before it becomes kinematically constrained. Such an
analysis would require adding an extra symmetry to stabilize the ψ particles with possible
Higgs mediated interactions as a direct detection channel. This would combine fermionic
inflation with dark matter phenomenology. In the case that the fermion ψ is a Majorana
particle, it can be a right handed neutrino, allowing us to combine neutrino masses with
inflationary physics, while still being a candidate for freeze-in dark matter.
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